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ABSTRACT

The circular restricted three-body problem (CR3BP) is a standard astrophysical model, yet real 
systems deviate from its ideal assumptions. This article is a narrative review and synthesis of previous 
literature on how three perturbation classes: radiation pressure, oblateness, and drag, modify equilibria 
and periodic-orbit families in CR3BP dynamics. For conservative perturbations, equilibrium locations 
and stability become multi-parameter problems: radiation can admit nonclassical out-of-plane equilibria 
and, in special luminous-binary regimes, stable L1​; two-oblateness models replace a single stability 
threshold with numerically mapped stability boundaries. Correspondingly, major periodic-orbit families 
generally persist but deform, so the main outputs are continuation branches and stability maps. In 
contrast, dissipative drag produces displaced equilibria and prevents persistence of conservative periodic 
families; reported behavior is commonly transient decay. These results translate directly into modeling 
guidance for libration-point mission design and for predicting co-orbital capture and decay of small 
bodies in drag-dominated environments.

Keywords: restricted three-body problem; Lagrange point; radiation pressure; oblateness; drag force; 
periodic orbits

INTRODUCTION

Gravitational motion in three-body systems is a 
foundational problem in celestial mechanics and remains 
central to both theoretical dynamics and applications. 
The general three-body problem historically motivated 
deep developments in dynamical systems (1) but is non-
integrable in closed form (2, 3), therefore, many practical 
questions can be addressed through simplified models 
that preserve the key geometric structures controlling 

transport and stability. An important one is the CR3BP, 
in which two massive primaries move on circular orbits 
about their barycenter and a third body of negligible 
mass evolves under their gravity (4–6). In a uniformly 
rotating frame, the primaries are fixed on the x-axis, and 
the motion is organized by an effective potential with 
Coriolis terms.

A defining feature of the CR3BP is the existence 
of five equilibrium (libration) points, L1–L5, where 
the net acceleration vanishes in the rotating frame (7). 
Figure 1 provides the geometric setup used throughout 
this review: the mass parameter μ = m2 / (m1 + m2), the 
locations of the primaries, and the five equilibrium 
points that organize nearby motion. Linearization about 
these equilibria determines local stability properties 
and the nearby families of oscillatory motion (8). In 
the unperturbed CR3BP, the Jacobi integral further 
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constrains admissible regions of motion via zero-
velocity curves and surfaces (9).

These invariant structures underpin modern trajectory 
design near equilibrium points (families of Lyapunov 
and Halo orbits used in operational mission geometries) 
and they also help explain natural co-orbital populations. 
Figure 2 illustrates this connection by showing a 
representative Lyapunov-orbit family about L1: such 
families emerge from the linearized dynamics near the 
collinear equilibria and persist into nonlinear regimes. 

In applied settings, libration-point dynamics has been 
exploited since early work on libration-point satellites 
(10), while in natural systems the triangular equilibria 
motivate explanations of Trojan-like populations (11).

At the same time, the standard CR3BP assumptions 
are rarely exact. Real primaries can deviate from point-
mass gravity through oblateness (12) and related non-
spherical terms; luminous bodies exert radiation forces 
that modify effective attraction (13–15); and in some 
astrophysical contexts the primaries’ masses may vary 
in time (16). Dissipative environments introduce an 
additional qualitative change: drag forces break energy-
like invariants and can convert classical equilibria into 
drag-displaced fixed points whose location and stability 
depend on the specific force law (17, 18). Even when 
perturbations are small, the literature shows that they can 
shift equilibrium locations, reshape stability boundaries, 
deform periodic-orbit families, and alter the transport 
pathways implied by the classical CR3BP’s invariant 
structures (13, 19).

This article reviews how three representative 
perturbation classes modify equilibria and periodic 
orbits within this framework, with emphasis on what 
changes qualitatively, what can be obtained analytically, 
and what typically requires numerical computation. 
Radiation-pressure models provide a conservative multi-
parameter classification of equilibrium existence and 
linear stability (13), while oblateness modifies Trojan-
point stability thresholds and can turn the classical single 
critical mass ratio into a multi-parameter boundary (19). 
Beyond equilibrium structure, combined-perturbation 
studies highlight how periodic and resonant families 
deform under radiation or oblateness and how analytical 
expansions and numerical mapping complement each 
other in practice (20, 21). The goal of the review is to 
synthesize these threads into a comparative picture 
that supports both interpretation and use: what each 
perturbation does to the CR3BP’s organizing structures, 
which methods are reliable across parameter regimes, 
and where the literature has left gaps for future research.

PERTURBATION EFFECTS ON EQUILIBRIA

Radiation pressure
Radiation pressure is commonly incorporated in the 

CR3BP via the photogravitational model, where radiation 
from each primary is treated as a conservative rescaling 
of its inverse-square attraction. The resulting “mass-
reduction factors” are often denoted by q1 and  ​ q2 (one 
for each primary), with qi = 1 recovering the classical 

Figure 1. A simple restricted three-body system, defined 
by the parameter μ = m₂ / (m₁ + m₂), with the locations 
of the primaries and the Lagrange points. Original figure 
created by the author.

Figure 2. Representative Lyapunov orbit family around L1 
computed using a shooting method; trajectories plotted in 
Python Matplotlib. Original figure created by the author.
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CR3BP and qi < 1 representing reduced effective gravity 
due to outward radiation. In Simmons et al., these same 
parameters are written as α, β; throughout this review we 
use q1 ≡ α, q2 ≡ β. When geometric interpretations are 
helpful, we also use the “cube-root” parameters δi = qi

1/3, 
which enter naturally in equilibrium-distance relations. 

In this conservative formulation, the primaries’ 
circular motion is unchanged and radiation enters only 
through the effective potential. Equilibria therefore 
remain stationary points of an effective potential, but 
their locations and linear stability become functions of 
the three-parameter set (μ, q1, q2) rather than of μ alone. 
Relative to the classical geometry in Figure 1, radiation 
shifts the collinear points along the x-axis and displaces 
the triangular points in both x and y. 

Early development established the equilibrium-
displacement picture without a modern global classifi-
cation. Radzievskii first formulated the restricted problem 
with light pressure and analyzed how radiation reshapes 
Roche surfaces and displaces collinear equilibria (22). 
Radzievskii later extended the equilibrium discussion 
but still did not provide a systematic linear-stability 
classification (23). Chernikov subsequently treated 
linear stability of L1​–L5​ within the photogravitational 
model, and Perezhogin later analyzed out-of-plane 
equilibria (often denoted L6 and L7 ​ in later notation) 
in the Sun–planet limit and found them unstable there 
(15, 24). Schuerman then considered the case where both 
primaries radiate, but later authors argued that parts of 
that treatment were incomplete, particularly in high-
luminosity regimes and in the handling of collinear and 
out-of-plane equilibria (14). 

The most complete classification is the global 
existence-and-stability work of Simmons et al., which 
treats arbitrary μ and arbitrary radiation parameters from 
both primaries (13). Their results can be summarized 
by grouping outcomes into geometry, stability, and 
nonclassical equilibria.

For L4​ and L5, it can be shown that equilibrium 
distances satisfy simple relations that admit a clear 
geometric interpretation (circle–circle intersections with 
radii set by the radiation parameters). A key qualitative 
feature is a degenerate boundary: when the relevant 
equality condition holds, L4​ and L5​ collapse onto the 
x-axis and become degenerate with the inner collinear 
equilibrium L1​, which is easiest to visualize using the 
classical layout in Figure 1 (13).

For fixed μ, the linear-stability region of L4 and L5​ 
becomes a restricted subset of the (q1, q2) plane and can 
be represented geometrically. For collinear equilibria, the 

classical “all unstable” picture changes only partially: L2​ 
and L3​ remain unstable for all mass ratios and radiation 
parameters, but L1​ can become linearly stable inside 
a bounded region that requires both primaries to exert 
radiation pressure (13). 

Additionally, up to four out-of-plane equilibria (L6-
L9​) can exist when the radiation parameters satisfy 
constraints, such as radiation-dominated regimes. A 
mapping of existence regions in radiation-parameter 
space (Figure 3) has been done, and it can be shown that 
stability is highly restricted: L8, L9 are always unstable 
when present, while L6, L7​ admit stability only in a 
limited parameter window (13). 

Finally, Simmons et al. (13) comment on physical 
relevance: the most distinctive new behaviors 
(particularly stable L1 and the stable window for L6 and 
L7) are expected only when both primaries are luminous 
and of comparable mass, as in certain binary systems; 
they suggest, for example, that L1 stability may be 
relevant to mass transfer in binaries.

Oblateness
The standard way to model oblateness in celestial 

mechanics comes from potential theory. The gravitational 
potential of an axisymmetric body reduces to a zonal-

Figure 3. Out-of-orbital-plane equilibrium points 
existence for μ = 0.5 (13). Inside the shaded region, there 
is a single equilibrium point above the orbital plane and a 
corresponding one below it; outside that region, no such 
solutions occur. Along the line, the equilibrium lies on y = 
0, z = 0. Replotted by the author based on parameter map 
described in (13).
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harmonic series expressed using Legendre polynomials 
(25). Truncating the expansion at the leading non-
spherical correction yields the familiar quadrupole term, 
written with the coefficient J2, which captures rotational 
flattening. The potential then is defined with an infinite 
sum where​ Jn is the n-th coefficient, R is the equatorial 
radius of the body, M is its mass, and θ is the colatitude.

In artificial-satellite dynamics, this leading J2 
correction is the standard first-order departure from 
point-mass gravity, with classical analytical treatments 
by Brouwer (26) and Kozai (27).

This same model was later imported into the restricted 
three-body setting by adding a ​J2-type correction to 
the effective potential of one (or both) primaries (in the 
rotating reference frame):

where Ai is the i-th body’s oblateness parameter.
Within the CR3BP, the leading oblateness term 

has two primary dynamical consequences: it shifts 
equilibrium locations and it perturbs the local stability. 
In the model with one oblate primary, analyses report 
systematic displacements of the five classical equilibria 
and corresponding changes in the stability conditions 
near both the collinear points and the triangular points 
(12, 28, 29).

Studies extended this in two directions. One 
combined oblateness with additional effects (30), and 
broadened primary shape modeling beyond axisymmetry 
(31). Another direction refined stability analysis in the 
oblate setting and explored stability under multiple small 
perturbations in the rotating-frame equations (19, 32, 33). 
Much of this literature assumed the oblateness parameters 
were small and developed results as perturbations of the 
classical CR3BP.

A key qualitative shift occurs when both primaries 
are treated as oblate. In this two-oblateness model, the 
classical single Routh mass-ratio threshold for triangular-
point stability is replaced by a numerically evaluated 
stability boundary in the full parameter space μcr (A1, A2)
so stability is naturally presented as surfaces rather than 
a single critical value (34).

Because the equilibrium and stability conditions 
become algebraically more complex once both oblateness 
terms are retained, results are commonly mapped 
numerically over admissible (μ, A1, A2), with primary 
attention on L4 and L5​, while the collinear points remain 
linearly unstable.

Drag forces
Drag forces provide a natural and physically important 

departure from the classical CR3BP, because they 
introduce dissipation and therefore break the conserved 
quantities (most notably the Jacobi integral) that organize 
motion in the conservative model. In the rotating frame, 
one may still speak of “equilibrium” configurations, 
but these are no longer stationary points of an effective 
potential in the usual sense. Instead, they become drag-
displaced equilibria whose locations depend on the drag 
law and whose linear stability depends on the local 
derivatives of that drag field at the displaced point.

One historical strand treats drag forces for small 
particles - radiative drag. The Poynting-Robertson (PR) 
effect arises when an orbiting grain absorbs and re-
emits radiation, producing a small tangential component 
of force that removes angular momentum and causes 
inward orbital decay (35). In the CR3BP setting, this 
effect was incorporated into early equilibrium stability 
studies of dust motion under radiation pressure, where it 
was shown that Lagrange points became unstable under 
such forces (36).

As an example of another dissipative force analysis, 
Jeffreys (37) recognized that even weak dissipation 
can fundamentally change the status of the triangular 
equilibria. He treated an external drag proportional 
to the particle’s velocity in the rotating frame and 
concluded that the triangular points L4 and L5 become 
unstable under such dissipation. Yoder (17) considered 
possible mechanisms for Trojan formation, most of which 
involved dissipation. Later, the general problem of the 
effects of dissipative processes on stability was discussed 
(38); in their orbital evolution discussion on the Janus and 
Epimetheus system they stated that a detailed analysis of 
dissipative behavior is required, not from simple energy 
arguments like what previous papers claimed (37).

Some studies focused on numerical analysis. Peale 
(39), for example, examined Trojan precursors near 
proto-Jupiter under a solar-nebula drag model and by 
numerical integration of specific cases showed that L4 
and L5 could be stable to this drag force. In a different 
more analytical direction, and with a more general 
approach, Murray (18) showed the futility of energy 
arguments, using a dynamical-systems approach that 
treated drag forces in the CR3BP at the level of the 
equations of motion, deriving how different drag laws 
displace the equilibrium points, how equilibria can move 
along curves and potentially merge or disappear as drag 
increases, and how linear stability criteria depend on the 
functional form of the drag.
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Murray (18) treats drag as a general non-conservative 
perturbation to the planar CR3BP and uses it to build 
a unified picture of how the five equilibrium points are 
displaced and how their linear stability changes. Working 
in the rotating frame, he rewrites the equations of motion 
with an arbitrary drag force (rather than specializing 
immediately to a single physical model) and tracks how 
the Jacobi constant is no longer conserved once drag is 
present. Equilibria in the dragged problem are found by 
a first-order approximation for small shifts, assuming 
the drag force is not as dominant as the gravitational 
forces. He then derives explicit first-order formulas 
for the shifts of L1 through L5 in terms of those force 
components, and shows the displaced equilibria move 
along certain geometric paths as drag strength increases, 
with characteristic events such as equilibria approaching 
one another, merging, and disappearing. Furthermore, 
he linearizes the drag dynamics about a displaced 
equilibrium and obtains a quartic characteristic 
polynomial whose coefficients can be expressed through 
partial derivatives of the drag force function; this yields 
stability conditions for L4 and L5 that are most naturally 
evaluated from the drag Jacobian at the displaced point. 
Notably, he shows that no drag force can stabilize the 
collinear points: in the collinear case the structure of the 
linearized problem guarantees at least one eigenvalue 
with positive real part, so L1, L2 and L3 remain linearly 
unstable even after the equilibrium is displaced.

Within this general framework, Murray discusses 
several examples, using them to highlight the need 
to consider the forces dynamically, and not to rely on 
energy-based arguments. Additionally, he focuses on the 
physically relevant Poynting–Robertson drag, applying 
the same methods to the triangular points; his systematic 
approach confirms the results of previous works (37) that 
L4 and L5 are destabilized.

Another interesting and physically relevant drag 
force considered is Peale’s nebular gas drag (39). In 
applying his general displaced-equilibrium formalism 
to nebular gas drag, Murray specializes to the drag used 
by Peale, in which the dissipative force is proportional 
to the planetesimal’s velocity relative to the gas and 
the gas itself is described by a sub-Keplerian rotation 
law together with a radius-dependent density structure 
(details of the specific complex functional forms are 
excluded here, since the equilibrium and stability 
consequences are the focus). By transforming Peale’s 
inertial-frame drag into rotating-frame components 
and evaluating these at equilibrium, Murray shows that 
the equilibrium conditions can be cast into the same 

structural form as his broader inertial drag class, so 
that the approximate methods developed earlier in the 
paper remain applicable. This identification allows him 
to interpret Peale’s numerical findings in the language 
of displaced Lagrange points: the triangular points 
follow the same characteristic displacement paths, and 
sufficiently strong nebular drag can shift a triangular 
equilibrium through large angular offsets and, in extreme 
regimes, lead to a disappearance.

At the same time, the nebular setting makes clear why 
a complete stability treatment becomes far more difficult 
than an abstract drag case. In Peale’s formulation the drag 
force depends on many physical parameters (particle 
size, drag coefficient, gas density profile, gas rotation 
profile, and scaling constants), and the dependence on 
radius is through nonlinear functions that enter both the 
magnitude of the relative velocity and the drag direction. 
Murray therefore leaves a full stability analysis for 
Peale’s model beyond the scope of his paper, while 
explicitly emphasizing that his linear-stability methods 
should, in principle, still apply. In practice, this pushes 
the stability problem toward numerical evaluation of the 
linearized coefficients over parameter space, rather than 
closed-form inequalities.

EFFECTS ON PERIODIC ORBITS

Radiation pressure and Oblateness
Having established how radiation pressure and 

oblateness shift equilibria and stability regions, the next 
question is how the classical periodic-orbit families (e.g., 
the Lyapunov family around L1 in Figure 2) deform 
under these conservative perturbations.

In the photogravitational CR3BP, a representative 
orbit-family treatment is (40), which explicitly formulates 
the problem with radiating primaries and focuses on 
constructing families of periodic orbits under radiation 
pressure. Pathak et al. (41) analyzed the first order 
exterior resonant orbits and the first, third and fifth order 
interior resonant periodic orbits in a radiation pressure-
modified system. Numerical continuation studies further 
show that radiation parameters systematically deform 
planar periodic families; for example, Papadakis (42) 
determines all families of planar symmetric simple-
periodic orbits (in an equal-mass, equal-radiation case) 
numerically, illustrating how radiation enters as a control 
parameter that reshapes families. Across these studies, 
the dominant outcome is deformation and parameter-
dependent reparameterization of existing families, rather 
than disappearance of the families themselves. 
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Since radiation acts mainly as an effective rescaling 
in the conservative problem, it is useful to contrast 
this ‘family deformation’ behavior with oblateness, 
which modifies the potential’s higher-order structure. 
Abouelmagd, García Guirao and Llibre (43) characterize 
when Poincaré’s classical first- and second-kind 
periodic orbits of the planar CR3BP can be extended 
to perturbed planar CR3BP models, with special 
emphasis on perturbations due to zonal harmonics (i.e., 
oblateness and higher harmonics). More orbit-family–
direct work includes Mittal, Ahmad and Bhatnagar (44), 
who compute periodic orbits generated by Lagrangian 
solutions when one primary is oblate, determining 
periodic orbits across parameter sets (mass ratio, Jacobi 
constant, oblateness factor). Related computations of 
critical or transition structures in the oblate problem 
include (45), which develops a series of horizontally 
critical symmetric periodic orbits in the restricted 
problem when the more massive primary is an oblate 
spheroid and evaluates their stability. Taken together, 
these results emphasize that zonal-harmonic terms 
primarily shift stability and criticality along established 
families, so the practical deliverables are stability maps 
and numerically continued branches rather than closed-
form family descriptions.

Because orbit families in perturbed CR3BP models 
are typically obtained via continuation or shooting, most 
of the modern exploration of conservative effects is 
intrinsically numerical, and it is common to investigate 
multiple perturbations simultaneously. Patel et al. (21) 
treat resonant periodic orbits in a CR3BP where both 
primaries are radiating and oblate, and they organize 
their results as a parameter–response study of the 
geometry of resonant periodic orbits. After formulating 
the perturbed equations, they numerically analyze 
interior and exterior first-order resonant periodic orbits 
by tracking the initial position of the orbit and the size 
of loops as functions of the perturbation parameters, 
both individually and in combinations, and then as 
functions of dynamical descriptors such as the Jacobi 
constant, mass factor, resonance order, and number of 
loops. They then summarize the importance of each 
parameter: radiation pressure shifts the initial condition 
x toward the smaller primary and reduces loop size, 
whereas oblateness shifts x toward the bigger primary 
and increases loop size. They use these parameter 
sweeps to provide a compact sensitivity picture: how 
resonant-family geometry responds when radiation and 
oblateness are varied jointly, and how the same trends 
reorganize across interior vs. exterior resonances and 

across different Jacobi constants and mass factors.
While the emphasis in (21) is on parameter sweeps, 

other works extend the same framework with additional 
controls and bifurcation structure. For example, Gao 
and Wang (20) study a perturbed R3BP motivated by 
a luminous eclipsing binary, where the model includes 
radiation pressure, oblateness, and time-varying mass 
(modelled using the Gyldén-Meshcherskii problem 
– (46, 47, 48). First, they compute and visualize the 
system via zero-velocity surfaces and then explore 
dynamical responses via bifurcation diagrams across a 
set of perturbation parameters. Their bifurcation-based 
approach is used to diagnose parameter sensitivity in 
the combined model (including strong dependence on 
the varying-mass parameter κ), while radiation and 
oblateness contributions enter as additional control 
parameters shaping the resulting branches. They also 
derive second- and third-order approximate analytical 
periodic solutions near the collinear libration points 
using the Lindstedt–Poincaré method, finding improved 
agreement between the two approximation orders for 
smaller values of the changing-mass parameter and 
better cross-order agreement in the three-dimensional 
case than in the planar case.

Drag forces
In a dissipative system, true closed periodic orbits 

typically do not persist because energy is continually 
lost. Unlike the classical restricted three-body problem 
where families of periodic orbits abound, adding a drag 
force causes those orbits to shrink or spiral inward 
instead of repeating indefinitely. In fact, an analytical 
study by Margheri et al. proved that the standard periodic 
solutions of the planar CR3BP cannot be continued when 
a generic drag term is introduced (49). This work also 
established general conditions under which no small 
periodic oscillations (limit cycles) emerge around the 
equilibrium points, except in special cases of very 
specific drag forms. These findings agree with earlier 
numerical investigations by Celletti et al., who reported 
that they found no closed orbits in the R3BP when a drag 
force was included (50). 

Accordingly, results on “periodic orbits” under drag 
are typically reported as decaying or quasi-periodic 
trajectories that resemble classical families only over 
finite times, or genuinely dissipative periodic attractors 
that arise only for special drag laws.

Although a general closed-form theory is absent, 
researchers have examined specific types of drag forces 
to understand how known periodic orbits are altered or 
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eliminated. One well-studied example is the Poynting–
Robertson drag. When PR drag is included in the CR3BP, 
the classic halo and Lissajous orbits around Lagrange 
points no longer remain periodic: they shrink in size 
and take longer to complete each loop as drag increases. 
For instance, Pal and Kushvah added PR drag and solar 
wind drag to a halo orbit near the Sun–Earth L1 point 
and found that the trajectory’s amplitude contracts and 
its period increases compared to the no-drag case (51). In 
their third-order analytical expansion (using a Lindstedt–
Poincaré method), the authors could approximate the 
modified orbit with drag. However, this solution is a 
quasi-periodic decaying spiral. Consistent with this, 
Margheri et al. note that under PR drag the triangular 
libration points L4 and L5 (which in the conservative 
case allow stable tadpole orbits) turn into unstable points 
for all mass ratios. 

While some drag laws primarily destroy conservative 
orbit families, others can generate dissipative periodic 
behavior. In particular, Stokes drag (proportional to 
velocity, often used for motion in a thin atmosphere or 
gas) does not generally preserve the families of periodic 
orbits; instead, it can generate dissipative periodic 
attractors. Margheri et al. treat Stokes drag as a distinct 
dissipative perturbation and show that, unlike the PR 
case, the triangular equilibria can enter a regime where 
a Hopf bifurcation occurs, producing small-amplitude 
periodic solutions around the equilateral points for 
appropriate drag parameters. Their conclusions are 
consistent with the numerical results reported by Celletti 
et al. (50). 

Beyond these cases, various authors have studied 
drag-induced orbital decay and resonance trapping 
rather than strict periodic orbits. For instance, Beaugé 
and Ferraz-Mello investigated how PR drag can draw 
particles into mean-motion resonances temporarily, but 
ultimately the drag causes escape from resonance (52). 
Liou et al. likewise modeled dust grains under solar 
radiation and wind drag in the CR3BP and confirmed 
that grains spiral toward the Sun over time (53).

CONCLUSION 

The topic of physical modifications to the CR3BP is 
relevant. Libration-point mission design is sensitive to 
perturbations absent from the ideal CR3BP, particularly 
solar radiation pressure and non-spherical gravity. For 
JWST in the Sun–Earth–Moon L2 region, operational 
flight-dynamics models include an Earth geopotential 
expansion (EGM96 30 × 30) and a high-fidelity, 
attitude-dependent radiation pressure model, because 
both materially affect orbit determination and station-
keeping targeting (54). Analyses on the JWST dynamics 
require high accuracy and, in turn, have validated the 
theoretical model (54). In planetary-formation contexts, 
drag-perturbed CR3BP models provide a mechanism-
level link between disk conditions and the survival of 
co-orbital reservoirs. In a solar-nebula environment, gas 
drag displaces the effective L4 and L5 equilibria and 
drives size-dependent evolution of libration amplitudes; 
outcomes depend on disk structure and its time 
evolution, with implications for which precursor sizes 
remain trapped through dispersal and whether leading 
and trailing asymmetries emerge (39). The long-term 
existence and phase-space structure of Trojan asteroid 
populations are well explained within the CR3BP 
framework and its extensions, with observed libration 
and stability properties consistent with theoretical 
predictions for co-orbital motion (55).

The comparative summary in Table 1 clarifies why 
results across perturbation models do not combine into 
a single uniform framework. In conservative settings, 
the dominant outputs are equilibrium locations and 
linear-stability regions mapped over parameter space. In 
dissipative settings, a Jacobi-like invariant is unavailable 
and classical orbit families need not persist, so results 
are more often local approximations around displaced 
equilibria and time-domain behavior.

In the photogravitational CR3BP, radiation is treated 
as a conservative rescaling of inverse-square attraction 
and dissipative radiative effects are neglected. This 

Table 1. Comparative summary of typical qualitative outcomes, methods, and computational challenges across three representative 
perturbation classes in the CR3BP.

Item Radiation pressure Oblateness Drag force 
Type Conservative Conservative Dissipative; Jacobi constant breaks
Lagrange point 
location

Collinear: x shift; Triangular: 
(x, y) shift

Collinear: x shift; Triangular: 
(x, y) shift

All points displaced; typically (x, y) shift
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makes equilibrium existence and linear stability well 
posed as a multi-parameter classification problem, but it 
limits relevance for decay; some parameter regimes also 
require case-by-case physical justification (e.g., radiation-
dominated attraction).

For two-oblateness models, stability boundaries 
for the triangular equilibria are typically obtained 
numerically over (J1, J2, μ), so μcr is a computed surface 
instead of a closed-form threshold (35). In Lyapunov 
special cases, first-order theory can be inconclusive and 
higher-order terms change the stability outcome (19). For 
combined-perturbation models, zero-velocity surfaces 
and bifurcation diagrams provide global constraints, 
while Lindstedt–Poincaré expansions give local periodic-
orbit approximations near collinear points that remain 
parameter sensitive (20).

Drag models impose the strongest restrictions. 
Displaced-equilibrium theory assumes small dissipation 
and yields force-law-dependent stability criteria (18). 
More fundamentally, periodic solutions of the planar 
CR3BP generally cannot be continued into dissipative 
variants under broad conditions, and in Poynting–
Robertson drag the displaced triangular equilibrium 
can be hyperbolically unstable in the small-dissipation 
regime (49). Higher-order series under drag often 
produce quasi-periodic, decaying spirals rather than 
closed periodic orbits (51). In nebular-drag applications, 
full stability treatments are frequently deferred because 
dimensionality and parameter coupling dominate (18, 
39). Additionally, even when one defines a critical disk 
surface density (or analogous single control parameter) 
for loss of triangular-point stability under fixed remaining 
nebular parameters, the boundary typically remains 
computationally intensive because the constants entering 
the stability criterion encode the full nonlinearity of the 

model. 
These limitations point to concrete gaps. First, 

conservative radiation-pressure classifications are still 
rarely linked to radiative-drag evolution, even though 
many applications require both. Second, in two-
oblateness and combined-perturbation models, stability 
beyond linear theory is not mapped systematically 
across admissible parameter ranges. Third, in drag-
perturbed variants, studies often stop at local displaced-
equilibrium or bifurcation results and do not connect 
them to global outcomes under physically constrained, 
high-dimensional nebular drag laws.

Combined models increase dimensionality and often 
introduce stiffness, so brute-force multi-parameter sweeps 
scale poorly. Effective workflows therefore pair analytic 
reduction with continuation or boundary tracking in 
conservative cases, and sensitivity-aware integration in 
dissipative cases. Typical toolchains include continuation 
and bifurcation packages (AUTO, MATCONT, COCO, 
BifurcationKit) and integration and sensitivity stacks 
(MATLAB, SciPy, DifferentialEquations.jl with auto-
matic differentiation), chosen according to whether 
families and stability regions (conservative) or decay, 
capture or attractors (dissipative) are sought.
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Continued Table 1. Comparative summary of typical qualitative outcomes, methods, and computational challenges across three 
representative perturbation classes in the CR3BP.

Item Radiation pressure Oblateness Drag force 
Lagrange point 
stability

parameter-dependent regions modified Routh criterion 
μ < μcr (A1, A2)

modified criteria; force-law dependent

Extra equilibria 4 possible extraplanar points – –
Periodic orbits families persist; deform families persist; deform decay
Methods equilibrium equations; 

parameter maps; numerical 
solves

root-finding; stability-region 
maps; zero-velocity surfaces; 
Lindstedt–Poincaré

small-dissipation expansion; Newton 
iteration; integration; Hopf criteria

Computational 
challenges

multi-parameter sweep algebraic complexity; multi-
parameter sweep

stiffness; derivative-heavy; force-law 
sensitivity; high-dimensional sweeps
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